Some kinds of (∈γ,∈γ∨qδ)-fuzzy ideals of BCI-algebras  by Ma, Xueling et al.
Computers and Mathematics with Applications 61 (2011) 1005–1015
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Some kinds of (∈γ ,∈γ ∨qδ)-fuzzy ideals of BCI-algebras
Xueling Ma a,∗, Jianming Zhan a, Young Bae Jun b
a Department of Mathematics, Hubei University for Nationalities, Enshi, Hubei Province, 445000, PR China
b Department of Mathematics Education, Gyeongsang National University, Chinju 660-701, South Korea
a r t i c l e i n f o
Article history:
Received 8 September 2010
Received in revised form 22 December 2010
Accepted 22 December 2010
Keywords:
(Positive implicative, implicative and
commutative) BCI-algebra
(Positive implicative, implicative and
commutative) ideal
(∈γ ,∈γ ∨qδ)-fuzzy (positive implicative,
implicative and commutative) ideal
(∈γ ,∈γ ∨ qδ)-fuzzy (positive implicative,
implicative and commutative) ideal
a b s t r a c t
The concepts of (∈γ ,∈γ ∨qδ)-fuzzy (positive implicative, implicative and commutative)
ideals and (∈γ ,∈γ∨qδ)-fuzzy (positive implicative, implicative and commutative) ideals in
BCI-algebras are introduced. Some new characterizations are investigated. In particular, we
prove that a fuzzy setµ of a BCI-algebra X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if
and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal and an (∈γ ,∈γ ∨qδ)-
fuzzy commutative ideal. Finally, we give some characterizations of three particular classes
of BCI-algebras by these generalized fuzzy ideals.
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1. Introduction
It is well known that certain information processing, especially inferences based on certain information, is based on
classical two-valued logic. Due to strict and complete logical foundation (classical logic), making inference levels about
certain information can be done with high confidence levels. Thus, it is natural and necessary to attempt to establish some
rational logic system as the logical foundation for uncertain information processing. It is evident that this kind of logic
cannot be two-valued logic itself but might form a certain extension of two-valued logic. Various kinds of non-classical logic
systems have therefore been extensively researched in order to construct natural and efficient inference systems to deal
with uncertainty.
Logic appears in a ‘sacred’ form (resp., a ‘profane’) which is dominant in proof theory (resp., model theory). The role of
logic in mathematics and computer science is two-fold, i.e., as a tool for applications in both areas, and as a technique for
laying the foundations. Non-classical logic includingmany-valued logic, fuzzy logic, etc., takes the advantage of the classical
logic to handle information with various facets of uncertainty [1,2], such as fuzziness, randomness, and so on. Non-classical
logic has become a formal and useful tool for computer science to deal with fuzzy information and uncertain information.
Among all kinds of uncertainties, incomparability is an important one which can be encountered in our life.
As it iswell known, BCK- andBCI-algebras are two classes of algebras of logic. Theywere introduced by Imai and Iséki [3,4]
and have been extensively investigated by many researchers; see [5–23]. BCI-algebras are generalizations of BCK-algebras.
Most of the algebras related to the t-norm based logic, such as MTL-algebras [24], BL-algebras [25], hoop, MV-algebras
(i.e., lattice implication algebras [26]) and Boolean algebras etc., are extensions of BCK-algebras (i.e., they are subclasses of
BCK-algebras). This shows that BCK/BCI-algebras are considerably general structures.
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After the introduction of fuzzy sets by Zadeh [27], there have been a number of generalizations of this fundamental
concept. A new type of fuzzy subgroup, that is, the (∈,∈ ∨q)-fuzzy subgroup, was introduced in an earlier paper of Bhakat
andDas [28] by using the combined notions of ‘‘belongingness’’ and ‘‘quasicoincidence’’ of fuzzy points and fuzzy sets. In fact,
the (∈,∈ ∨q)-fuzzy subgroup is an important generalization of Rosenfeld’s fuzzy subgroup. It is now natural to investigate
similar type of generalizations of the existing fuzzy subsystems with other algebraic structures. With this objective in
view, Jun and Meng [9] introduced the concept of (α, β)-fuzzy ideals of a BCK/BCI-algebra and investigated related results.
Davvaz [29] applied this theory to near-rings and obtained some useful results. Further, in [13,14], Ma et al. also discussed
the properties of some kinds of (∈,∈ ∨q)-interval-valued fuzzy ideals of BCI-algebras.
In [21], we introduced the concepts of (∈,∈ ∨q)-fuzzy (positive implicative, implicative and commutative) ideals and
(∈,∈ ∨ q)-fuzzy (positive implicative, implicative and commutative) ideals of BCI-algebras and investigated some of their
related properties, respectively. As a continuation of this paper, we further discuss this topic in the present paper. In
Section 2, we recall some basic concepts of BCI-algebras. In Section 3, we give some types of fuzzy ideals of BCI-algebras.
Section 4 is divided into three subsections. In Section 4.1, we give the properties of (∈γ ,∈γ ∨qδ)-fuzzy positive implicative
ideals and (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideals of BCI-algebras. In Section 4.2, we discuss (∈γ ,∈γ ∨qδ)-fuzzy
implicative ideals and (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals of BCI-algebras. Further, in Section 4.3, the (∈γ ,∈γ ∨qδ)-fuzzy
commutative ideals and (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideals of BCI-algebras are considered. Finally, we prove that a
fuzzy set µ of a BCI-algebra X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy
positive implicative ideal and an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal. Finally, we give some characterizations of three
particular classes of BCI-algebras by these generalized fuzzy ideals.
2. Preliminaries
By a BCI-algebra we mean an algebra (X, ∗, 0) of type (2, 0) satisfying the axioms:
(i) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0;
(ii) (x ∗ (x ∗ y)) ∗ y = 0;
(iii) x ∗ x = 0;
(iv) x ∗ y = 0 and y ∗ x = 0 imply x = y.
We can define a partial ordering ‘‘≤’’ by x ≤ y if and only if x ∗ y = 0.
If a BCI-algebra X satisfies 0 ∗ x = 0 for all x ∈ X , then we say that X is a BCK-algebra. In what follows, let X denote a
BCI-algebra unless otherwise specified. We also write a ∧ b for min{a, b} and a ∨ b for max{a, b}, where a and b are real
numbers.
Proposition 2.1 ([5,6,3,4]). In any BCI-algebra X, the following are true:
(1) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(2) (x ∗ z) ∗ (y ∗ z) ≤ x ∗ y,
(3) (x ∗ y) ∗ (x ∗ z) ≤ z ∗ y,
(4) x ∗ 0 = x,
(5) 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y),
(6) x ∗ (x ∗ (x ∗ y)) = x ∗ y.
In [12,18–20], we can see some types of ideals of BCI-algebras as follows:
A non-empty subset I of a BCI-algebra X is called an ideal of X if it satisfies (I1) 0 ∈ I; (I2) x ∗ y ∈ I and y ∈ I imply x ∈ I .
An ideal I of a BCI-algebra X is called closed if for all x ∈ I , 0 ∗ x ∈ I .
A non-empty subset I of a BCI-algebra X is called a positive implicative ideal if it satisfies (I1) and (I3) ((x∗ z)∗ z)∗ (y∗ z) ∈ I
and y ∈ I imply x ∗ z ∈ I .
A non-empty subset I of a BCI-algebra X is called a commutative ideal if it satisfies (I1) and (I4) (x ∗ y) ∗ z ∈ I and z ∈ I imply
x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))) ∈ I .
A non-empty subset I of a BCI-algebra X is called an implicative ideal if it satisfies (I1) and (I5) (((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z ∈ I
and z ∈ I imply x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))) ∈ I .
Theorem 2.2 ([12]).
(i) Every positive implicative (resp., implicative and commutative) ideal of any BCI-algebra is an ideal, but the converse are not
true;
(ii) A non-empty subset I of a BCI-algebra X is an implicative ideal of X if and only if it is both a positive implicative ideal and a
commutative ideal.
Definition 2.3 ([18–20]).
(i) A BCI-algebra X is called positive implicative if it satisfies (x ∗ (x ∗ y)) ∗ (y ∗ x) = x ∗ (x ∗ (y ∗ (y ∗ x))), for all x, y ∈ X;
(ii) A BCI-algebra X is called commutative if it satisfies x ≤ y ⇒ x = y ∗ (y ∗ x), for all x, y ∈ X;
(iii) A BCI-algebra X is called implicative if it satisfies (x ∗ (x ∗ y)) ∗ (y ∗ x) = y ∗ (y ∗ x), for all x, y ∈ X .
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Lemma 2.4 ([11,15]).
(i) A BCI-algebra X is positive implicative if and only if every ideal of X is positive implicative.
(ii) A BCI-algebra X is commutative if and only if every closed ideal of X is commutative.
(iii) A BCI-algebra X is implicative if and only if every closed ideal of X is implicative.
The following Theorem shows that the connection between above three particular classes of BCI-algebras.
Theorem 2.5 ([18–20]). A BCI-algebra is implicative if and only if it is both commutative and positive implicative.
3. Some kinds of fuzzy ideals
We now review some fuzzy logic concepts.
Definition 3.1 ([27]). A fuzzy set of X is a function µ : X → [0, 1].
Definition 3.2 ([9,11]). (i) A fuzzy set µ of X is called a fuzzy ideal of X if it satisfies:
(F1) µ(0) ≥ µ(x),∀x ∈ X,
(F2) µ(x) ≥ µ(x ∗ y) ∧ µ(y),∀x, y ∈ X .
(ii) A fuzzy ideal µ of X is called closed of X if it satisfies:
(C) µ(0 ∗ x) ≥ µ(x),∀x ∈ X .
(iii) A fuzzy set µ of X is called a fuzzy positive implicative ideal of X if it satisfies (F1) and
(F3) µ(x ∗ z) ≥ µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y), for all x, y, z ∈ X;
(iv) A fuzzy set µ of X is called a fuzzy commutative ideal of X if it satisfies (F1) and
(F4) µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ≥ µ((x ∗ y) ∗ z) ∧ µ(z), for all x, y, z ∈ X;
(v) A fuzzy set µ of X is called a fuzzy implicative ideal of X if it satisfies (F1) and
(F5) µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ≥ µ((((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z) ∧ µ(z), for all x, y, z ∈ X .
For a fuzzy set µ of X and t ∈ (0, 1], the crisp set µt = {x ∈ X | µ(x) ≥ t} is called the level subset of µ.
Theorem 3.3 ([11]). A fuzzy set µ of X is a fuzzy (positive implicative, implicative and commutative) ideal of X if and only if
each non-empty level subset µt is a (positive implicative, implicative and commutative) ideal of X, respectively.
The following is a consequence of Theorem 2.2 via Theorem 3.3.
Theorem 3.4 ([11]).
(i) Every fuzzy positive implicative (resp., implicative, commutative) ideal of any BCI-algebra is a fuzzy ideal, but the converse
are not true;
(ii) A fuzzy set µ of any BCI-algebra X is a fuzzy implicative ideal of X if and only if it is both a fuzzy commutative ideal and a
fuzzy positive implicative ideal.
The following are consequences of Lemma 2.4 via Theorem 3.4.
Theorem 3.5 ([11]).
(i) A BCI-algebra X is positive implicative if and only if every fuzzy ideal of X is positive implicative;
(ii) A BCI-algebra X is commutative if and only if every closed fuzzy ideal of X is commutative;
(iii) A BCI-algebra X is implicative if and only if every closed fuzzy ideal of X is implicative.
4. Some kinds of generalized fuzzy ideals
Section 4 is divided into three subsections. In Section 4.1, we give the properties of (∈γ ,∈γ ∨qδ)-fuzzy positive
implicative ideals and (∈γ ,∈γ∨qδ)-fuzzy positive implicative ideals of BCI-algebras. In Section 4.2,wediscuss (∈γ ,∈γ ∨qδ)-
fuzzy implicative ideals and (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals of BCI-algebras. Further, in Section 4.3, the (∈γ ,∈γ ∨qδ)-
fuzzy commutative ideals and (∈γ ,∈γ ∨qδ)-fuzzy commutative ideals of BCI-algebras are considered. Finally, we prove that
a fuzzy setµ of a BCI-algebra X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy
positive implicative ideal and an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal. Finally, we give some characterizations of three
particular classes of BCI-algebras by these generalized fuzzy ideals.
A fuzzy set µ of X of the form
µ(y) =

t(≠ 0) if y = x,
0 if y ≠ x,
is said to be a fuzzy point with support x and value t and is denoted by xt .
A fuzzy point xt is said to be ‘‘belong to’’ (resp.,‘‘ quasicoincident with’’) a fuzzy set µ, written as xt ∈ µ (resp., xtqµ) if
µ(x) ≥ t (resp., µ(x)+ t > 1).
If xt ∈ µ or xtqµ, then we write xt ∈ ∨qµ. If µ(x) < t (resp., µ(x)+ t ≤ 1), then we say that xt ∈µ (resp., xtqµ).
We note here that the symbol ∈ ∨q means that ∈ ∨q does not hold.
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Let γ , δ ∈ [0, 1] be such that γ < δ. For a fuzzy point xr and a fuzzy set µ of X , we say
(1) xr ∈γ µ if µ(x) ≥ r > γ .
(2) xrqδµ if µ(x)+ r > 2δ.
(3) xr ∈γ ∨qδµ if xr ∈γ µ or xrqδµ.
(4) xr∈γ ∨ qδµ if xr∈γµ or xrqδµ.
4.1. (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideals
In this section, we describe the characterizations of (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideals and (∈γ ,∈γ ∨ qδ)-
fuzzy positive implicative ideals of BCI-algebras.
Definition 4.1.1. A fuzzy set µ of X is called an (∈γ ,∈γ ∨qδ)-fuzzy ideal of X if for all t, r ∈ (γ , 1] and for all x, y ∈ X ,
(F1′) xt ∈γ µ implies 0t ∈γ ∨qδµ,
(F2′) (x ∗ y)t ∈γ µ, yr ∈γ µ imply xt∧r ∈γ ∨qδµ.
Example 4.1.2. Let X = {0, 1, 2, 3} be a proper BCI-algebra with Cayley table as follows:
∗ 0 1 2 3
0 0 0 0 3
1 1 0 0 3
2 2 2 0 3
3 3 3 3 0
Define a fuzzy set µ of X by µ(0) = 1 and µ(1) = µ(2) = µ(3) = 0.3. It is now routine to verify that µ is an
(∈0.3,∈0.3 ∨q1)-fuzzy ideal of X .
The following proposition is obvious.
Proposition 4.1.3. Every fuzzy ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy ideal.
The converse of the above proposition is not true in general from the following example:
Example 4.1.4. Let X = {0, 1, 2, 3} be a proper BCI-algebra with Cayley table as follows:
∗ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
Define a fuzzy set µ of X by µ(0) = 0.7, µ(1) = 0.8 and µ(2) = µ(3) = 0.3. It is now routine to verify that µ is an
(∈0.7,∈0.7 ∨q0.8)-fuzzy ideal of X , but it is not a fuzzy ideal of X .
Definition 4.1.5. A fuzzy set µ of X is called an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X if for all t, r ∈ (γ , 1] and
for all x, y, z ∈ X , it satisfies (F1′) and
(F3′) (((x ∗ z) ∗ z) ∗ (y ∗ z))t ∈γ µ, yr ∈γ µ imply (x ∗ z)t∧r ∈γ ∨qδµ.
Example 4.1.6. The fuzzy set in Example 4.1.2 is also an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X .
The following proposition is obvious.
Proposition 4.1.7. Every fuzzy positive implicative ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal.
The converse of the above proposition is not true in general from the following example:
Example 4.1.8. Define a fuzzy set µ of X in Example 4.1.4 by µ(0) = 0.7, µ(1) = µ(2) = 0.8 and µ(3) = 0.6. It is now
routine to verify that µ is an (∈0.6,∈0.6 ∨q0.7)-fuzzy positive implicative ideal of X , but it is not a fuzzy positive implicative
ideal of X .
Theorem 4.1.9. A fuzzy set µ of X is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X if and only if it satisfies:
(F4′) ∀x ∈ X, µ(0) ∨ γ ≥ µ(x) ∧ δ,
(F5′) ∀x, y, z ∈ X, µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∨ γ ≥ µ(x ∗ y) ∧ µ(y) ∧ δ.
Proof. (F1′)⇒ (F4′) If there exists x ∈ X such thatµ(0)∨γ < µ(x)∧δ, thenµ(0)∨γ < t < µ(x)∧δ for some γ < t < δ,
and so xt ∈γ µ and 0t∈γµ. Sinceµ(0)+ t ≤ 2δ, we have 0tqδµ. It follows that 0t∈γ ∨qδµ, contradiction. Hence, (F4′) holds.
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(F4′) ⇒ (F1′) Let xt ∈γ µ, then µ(x) ≥ t . If 0t ∈γ µ, then (F1′) holds. If 0t∈γµ, then µ(0) < t ≤ µ(x). Since
µ(0) ∨ γ ≥ µ(x) ∧ δ ≥ t ∧ δ, it follows that µ(0) ≥ δ. Hence µ(0)+ t > 2µ(0) ≥ 2δ. Thus, (F1′) holds.
(F3′)⇒ (F5′) If (F5′) does not hold, then there exists t such thatµ(x∗ z)∨ γ < µ(((x∗ z)∗ z)∗ (y∗ z))∧µ(y)∧ δ, then
µ(x∗z)∨γ < t < µ(((x∗z)∗z)∗(y∗z))∧µ(y), and so (((x∗z)∗z)∗(y∗z))t ∈γ µ or yt ∈γ µ, but (x∗z)t∈γ ∨qδµ, contradiction.
(F5′)⇒ (F3′) Let (((x ∗ z) ∗ z) ∗ (y ∗ z))t ∈γ µ and yr ∈γ µ, then µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ≥ t and µ(y) ≥ r . If xt∧r ∈γ µ,
then (F3′) holds. If xt∧r∈γµ, µ(x) < t ∧ s. Since µ(x) ∨ γ ≥ µ((x ∗ z) ∗ z) ∧ µ(y) ∧ δ ≥ t ∧ s ∧ δ, it follows that µ(x) ≥ δ
and t ∧ s > δ. Thus, (F3′) holds. This complete the proof. 
Remark 4.1.10. For any (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal µ of X , we can
(i) If γ = 0 and δ = 1, then µ is a fuzzy positive implicative ideal of X (see [11]).
(ii) If γ = 0 and δ = 0.5, then µ is an (∈,∈ ∨q)-fuzzy positive implicative ideal of X (see [21]).
For any fuzzy set µ of X , we define µγr = {x ∈ X | xr ∈γ µ}, µδr = {x ∈ X | xrqδµ} and [µ]δr = {x ∈ X | xr ∈γ ∨qδµ} for
all r ∈ [0, 1]. It is clear that [µ]δr = µγr ∪ µδr .
The next theorem provides the relationship between (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideals of X and the crisp
positive implicative ideals of X .
Theorem 4.1.11. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X if and only if µγr (≠ ∅) is a positive implicative ideal of X for all
r ∈ (γ , δ].
(2) If 2δ = 1+γ , thenµ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X if and only if µδr (≠ ∅) is a positive implicative
ideal of X for all r ∈ (δ, 1].
(3) If 2δ = 1+γ , thenµ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X if and only if [µ]δr (≠ ∅) is a positive implicative
ideal of X for all r ∈ (γ , 1].
Proof. (1) Let µ be an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X and x ∈ µγr for all r ∈ (γ , δ], we have
µ(0) ∨ γ ≥ µ(x) ∧ δ ≥ r ∧ δ = r > γ , that is, µ(0) ≥ r , that is, 0 ∈ µγr .
For any ((x ∗ z) ∗ z) ∗ (y ∗ z), y ∈ µγr for all r ∈ (γ , δ], then µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ≥ r > γ and µ(y) ≥ r > γ .
Thus, we have
µ(x ∗ z) ∨ γ ≥ µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y) ∧ δ
≥ r ∧ δ
= r > γ ,
that is, µ(x ∗ z) ≥ r , which implies, x ∗ z ∈ µγr . Thus, µγr is a positive implicative ideal of X .
Conversely, assume that µγr is a positive implicative ideal of X for all r ∈ (γ , δ]. If there is x ∈ X such that
µ(0) ∨ γ < r = µ(x) ∧ δ, then xr ∈γ µ, but 0r∈γ ∨qδµ, contradiction. If there are x, y, z ∈ X such that µ(x ∗ z) ∨ γ <
t = µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y) ∧ δ, then (((x ∗ z) ∗ z) ∗ (y ∗ z))t ∈γ µ, yt ∈γ µ, but (x ∗ z)t∈γ ∨qδµ. Since µγr is a
positive implicative ideal of X , we have x∗ z ∈ µγr , a contradiction. Thusµ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative
ideal of X .
(2) It is similar to (1).
(3) Letµ be an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X and r ∈ (γ , 1]. Then for all x ∈ [µ]δr , we have xr ∈γ ∨qδµ,
that is, µ(x) ≥ r > γ or µ(x) > 2δ − r > 2δ − 1 = γ . Since µ is an (∈γ ,∈γ ∨qδ)-fuzzy ideal of X , then
µ(0) ∨ γ ≥ µ(x) ∧ δ > γ ∧ δ = γ , and so µ(0) ≥ γ , that is, µ(0) ≥ µ(x) ∧ δ.
Case 1: r ∈ (γ , δ]. Then 2δ− r ≥ δ ≥ r , and soµ(0) ≥ µ(x)∧δ ≥ r∧δ = r orµ(0) ≥ µ(x)∧δ > (2δ− r)∧δ = r∧δ = r .
Hence, 0r ∈γ µ.
Case 2: r ∈ (δ, 1]. Then 2δ− r < δ < r , and soµ(0) ≥ µ(x)∧ δ = r ∧ δ = δ > 2δ− r orµ(0) ≥ µ(x)∧ δ > (2δ− r)∧ δ =
2δ − r . Hence, 0rqδµ. Thus, in any case, 0r ∈γ ∨qδµ.
Now, let ((x∗z)∗z)∗(y∗z), y ∈ [µ]δr , we have (((x∗z)∗z)∗(y∗z))r , yr ∈γ ∨qδµ, that is,µ(((x∗z)∗z)∗(y∗z)) ≥ r > γ
or µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) > 2δ − r > 2δ − 1 = γ , and µ(y) ≥ r > γ or µ(y) > 2δ − r > 2δ − 1 = γ . Since µ is an
(∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X , then µ(x ∗ z) ∨ γ ≥ µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y) ∧ δ > γ ∧ δ = γ ,
and so µ(x ∗ z) ≥ µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y) ∧ δ.
Case 1: r ∈ (γ , δ]. Then 2δ − r ≥ δ ≥ r , and so µ(x ∗ z) ≥ r ∧ r ∧ δ = r or µ(x ∗ z) ≥ r ∧ (2δ − r) ∧ δ = r or
µ(x ∗ z) ≥ (2δ − r) ∧ (2δ − r) ∧ δ = δ > r . Hence, (x ∗ y)r ∈γ µ.
Case 2: r ∈ (δ, 1]. Then 2δ − r < δ < r , and so µ(x ∗ z) ≥ r ∧ r ∧ δ = δ > 2δ − r or µ(x ∗ z) ≥ r ∧ (2δ − r)∧ δ = 2δ − r
or µ(x ∗ z) ≥ (2δ − r) ∧ (2δ − r) ∧ δ = 2δ − r . Hence, (x ∗ z)rqδµ.
Thus in any case, (x ∗ z)r ∈γ ∨qδµ, that is, x ∗ z ∈ [µ]δr . Hence, [µ]δr is a positive implicative ideal of X .
Conversely, assume that [µ]δr is a positive implicative ideal of X for all r ∈ (γ , δ]. If µ(0) ∨ γ < r = µ(x) ∧ δ, then
xr ∈γ µ, but 0r∈γ ∨qδµ. Since [µ]δr is a positive implicative ideal of X , we have 0 ∈ [µ]δr , a contradiction. If µ(x ∗ z) ∨ γ <
r = µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y) ∧ δ, then (((x ∗ z) ∗ z) ∗ (y ∗ z))r ∈γ µ, yr ∈γ µ, but (x ∗ z)r∈γ ∨qδµ. Since [µ]δr is a
positive implicative ideal of X , we have x ∗ z ∈ [µ]δr , a contradiction. Hence µ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative
ideal of X . 
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If we take γ = 0 and δ = 0.5 in Theorem 4.1.11, we can conclude the following results:
Corollary 4.1.12. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨q)-fuzzy positive implicative ideal of X if and only if µr(≠ ∅) is a positive implicative ideal of X for all
r ∈ (0, 0.5] (see [21]).
(2) µ is an (∈,∈ ∨q)-fuzzy positive implicative ideal of X if and only if Q (µ; r)(≠ ∅) is a positive implicative ideal of X for all
r ∈ (0.5, 1], where Q (µ, r) = {x ∈ X | xrqµ}.
(3) µ is an (∈,∈ ∨q)-fuzzy positive implicative ideal of X if and only if [µ]r(≠ ∅) is a positive implicative ideal of X for all
r ∈ (0, 1].
Definition 4.1.13. A fuzzy set µ of X is called an (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideal of X if for all t, r ∈ (γ , 1]
and for all x, y ∈ X ,
(F6′) 0t∈γµ implies xt∈γ ∨ qδµ,
(F7′) (x ∗ z)t∧r∈γµ implies (((x ∗ z) ∗ z) ∗ (y ∗ z))t∈γ ∨ qδµ or yr∈γ ∨ qδµ.
Example 4.1.14. Let X = {0, 1, 2, 3, 4} be a proper BCI-algebra with Cayley table as follows:
∗ 0 1 2 3 4
0 0 0 0 0 4
1 1 0 1 0 4
2 2 2 0 0 4
3 3 3 3 0 4
4 4 4 4 4 0
Define a fuzzy set µ of X by µ(0) = µ(2) = 0.8, µ(3) = 0 and µ(1) = µ(4) = 0.5. It is now routine to verify that µ is
an (∈0.5,∈0.5 ∨ q0.8)-fuzzy positive implicative ideal of X .
Theorem 4.1.15. A fuzzy set µ of X is an (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideal of X if and only if it satisfies:
(F8′) ∀x ∈ X, µ(0) ∨ δ ≥ µ(x),
(F9′) ∀x, y, z ∈ X, µ(x ∗ z) ∨ δ ≥ µ(((x ∗ z) ∗ z) ∗ (y ∗ z)) ∧ µ(y).
Proof. It is similar to the proof of Theorem 4.1.9. 
Remark 4.1.16. For any (∈γ ,∈γ ∨qδ)-fuzzy positive implicative idealµ of X , we can conclude that if δ = 0.5, thenµ is the
(∈,∈ ∨ q)-fuzzy positive implicative ideal of X .
The next theorem provides the relationship between (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideals of X and the crisp
positive implicative ideals of X .
Theorem 4.1.17. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideal of X if and only if µγr (≠ ∅) is a positive implicative ideal of X for all
r ∈ (δ, 1].
(2) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy positive implicative ideal of X if and only if µδr (≠ ∅) is a positive implicative ideal of X for all
r ∈ (γ , δ].
Proof. It is similar to the proof of Theorem 4.1.11. 
If we take γ = 0 and δ = 0.5 in Theorem 4.1.17, we can conclude the following results:
Corollary 4.1.18. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨ q)-fuzzy positive implicative ideal of X if and only if µr(≠ ∅) is a positive implicative ideal of X for all
r ∈ (0.5, 1].
(2) µ is an (∈,∈∨ q)-fuzzy positive implicative ideal of X if and only if Q (µ; r)(≠ ∅) is a positive implicative ideal of X for all
r ∈ (0, 0.5], where Q (µ, r) = {x ∈ X | xrqµ}.
4.2. (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals
In this section,we give the characterizations of (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals and (∈γ ,∈γ∨qδ)-fuzzy implicative
ideals of BCI-algebras.
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Definition 4.2.1. A fuzzy set µ of X is called an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if for all t, r ∈ (γ , 1] and for all
x, y, z ∈ X , it satisfies (F1′) and
(F10′) ((((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z)t ∈γ µ, zr ∈γ µ imply (x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))))t∧r ∈γ ∨qδµ.
Example 4.2.2. Define a fuzzy setµ of X in Example 4.1.4 byµ(0) = 0.7 andµ(1) = µ(2) = µ(3) = 0.2. It is now routine
to verify that µ is an (∈0.2,∈0.2 ∨q0.7)-fuzzy implicative ideal of X .
The following proposition is obvious.
Proposition 4.2.3. Every fuzzy implicative ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal.
The converse of the above proposition is not true in general from the following example:
Example 4.2.4. Define a fuzzy setµ of X in Example 4.1.2 by byµ(0) = 1 andµ(1) = µ(2) = µ(3) = 0.6. It is now routine
to verify that µ is an (∈0.6,∈0.6 ∨q1)-fuzzy implicative ideal of X , but it is not a fuzzy implicative ideal of X .
Theorem 4.2.5. A fuzzy set µ of X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if it satisfies (F4′) and
(F11′) ∀x, y, z ∈ X, µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ∨ γ ≥ µ((((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z) ∧ µ(z) ∧ δ.
Proof. It is similar to the proof of Theorem 4.1.9. 
Remark 4.2.6. For any (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal µ of X , we can
(i) If γ = 0 and δ = 1, then µ is the fuzzy implicative ideal of X (see [11]).
(ii) If γ = 0 and δ = 0.5, then µ is the (∈,∈ ∨q)-fuzzy implicative ideal of X (see [21]).
The next theorem provides the relationship between (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals of X and the crisp implicative
ideals of X .
Theorem 4.2.7. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if µγr (≠ ∅) is an implicative ideal of X for all r ∈ (γ , δ].
(2) If 2δ = 1+ γ , then µ is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if µδr (≠ ∅) is an implicative ideal of X for
all r ∈ (δ, 1].
(3) If 2δ = 1 + γ , then µ is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if [µ]δr (≠ ∅) is an implicative ideal of X
for all r ∈ (γ , 1].
Proof. It is similar to the proof of Theorem 4.1.11. 
If we take γ = 0 and δ = 0.5 in Theorem 4.2.7, we can conclude the following results:
Corollary 4.2.8. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨q)-fuzzy implicative ideal of X if and only if µr(≠ ∅) is an implicative ideal of X for all r ∈ (0, 0.5] (see [21]).
(2) µ is an (∈,∈ ∨q)-fuzzy implicative ideal of X if and only if Q (µ; r)(≠ ∅) is an implicative ideal of X for all r ∈ (0.5, 1],
where Q (µ, r) = {x ∈ X | xrqµ}.
(3) µ is an (∈,∈ ∨q)-fuzzy implicative ideal of X if and only if [µ]r(≠ ∅) is an implicative ideal of X for all r ∈ (0, 1].
Definition 4.2.9. A fuzzy set µ of X is called an (∈γ ,∈γ ∨ qδ)-fuzzy implicative ideal of X if for all t, r ∈ (γ , 1] and for all
x, y ∈ X , it satisfies (F6′) and
(F12′) (x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))))t∧r∈γµ implies ((((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z)t∈γ ∨ qδµ or zr∈γ ∨ qδµ.
Example 4.2.10. Let X = {0, 1, 2, 3, 4, 5} be a proper BCI-algebra with Cayley table as follows:
∗ 0 1 2 3 4 5
0 0 0 0 3 3 3
1 1 0 1 3 3 3
2 2 2 0 3 3 3
3 3 3 3 0 0 0
4 4 3 4 1 0 0
5 5 3 5 1 1 0
Define a fuzzy set µ of X by µ(0) = µ(1) = µ(2) = 0.8, µ(3) = µ(4) = 0 and µ(5) = 0.5. It is now routine to verify
that µ is an (∈0.5,∈0.5 ∨ q0.8)-fuzzy implicative ideal of X .
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Theorem 4.2.11. A fuzzy set µ of X is an (∈γ ,∈γ ∨ qδ)-fuzzy implicative ideal of X if and only if it satisfies (F8′) and
(F13′) ∀x, y, z ∈ X, µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ∨ δ ≥ µ((((x ∗ y) ∗ y) ∗ (0 ∗ y)) ∗ z) ∧ µ(z).
Proof. It is similar to the proof of Theorem 4.1.9. 
Remark 4.2.12. For any (∈γ ,∈γ∨qδ)-fuzzy implicative idealµ ofX , we can conclude that if δ = 0.5, thenµ is the (∈,∈∨q)-
fuzzy implicative ideal of X .
The next theorem provides the relationship between (∈γ ,∈γ ∨qδ)-fuzzy implicative ideals of X and the crisp implicative
ideals of X .
Theorem 4.2.13. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy implicative ideal of X if and only if µγr (≠ ∅) is an implicative ideal of X for all r ∈ (δ, 1].
(2) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy implicative ideal of X if and only if µδr (≠ ∅) is an implicative ideal of X for all r ∈ (γ , δ].
Proof. It is similar to the proof of Theorem 4.1.11. 
If we take γ = 0 and δ = 0.5 in Theorem 4.2.13, we can conclude the following results:
Corollary 4.2.14. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨ q)-fuzzy implicative ideal of X if and only if µr(≠ ∅) is an implicative ideal of X for all r ∈ (0.5, 1].
(2) µ is an (∈,∈ ∨ q)-fuzzy implicative ideal of X if and only if Q (µ; r)(≠ ∅) is an implicative ideal of X for all r ∈ (0, 0.5],
where Q (µ, r) = {x ∈ X | xrqµ}.
4.3. (∈γ ,∈γ ∨qδ)-fuzzy commutative ideals
In this section, we consider the properties of (∈γ ,∈γ ∨qδ)-fuzzy commutative ideals and (∈γ ,∈γ ∨ qδ)-fuzzy
commutative ideals of BCI-algebras. Finally, we also consider the relationships among these generalized fuzzy ideals.
Definition 4.3.1. A fuzzy set µ of X is called an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X if for all t, r ∈ (γ , 1] and for all
x, y, z ∈ X , it satisfies (F1′) and
(F14′) ((x ∗ y) ∗ z)t ∈γ µ, zr ∈γ µ imply (x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))))t∧r ∈γ ∨qδµ.
Example 4.3.2. Let X = {0, 1, 2, 3, 4} be a proper BCI-algebra with Cayley table as follows:
∗ 0 1 2 3 4
0 0 0 0 0 4
1 1 0 0 0 4
2 2 2 0 0 4
3 3 3 2 0 4
4 4 4 4 4 0
Define a fuzzy set µ of X by µ(0) = µ(1) = 0.7 and µ(2) = µ(3) = µ(4) = 0.2. It is now routine to verify that µ is an
(∈0.2,∈0.2 ∨q0.7)-fuzzy commutative ideal of X
The following proposition is obvious.
Proposition 4.3.3. Every fuzzy commutative ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal.
The converse of the above proposition is not true in general from the following example:
Example 4.3.4. Define a fuzzy set µ of X in Example 4.3.2 by µ(0) = 0.7, µ(1) = 1 and µ(2) = µ(3) = µ(4) = 0.2. It is
now routine to verify that µ is an (∈0.7,∈0.7 ∨q1)-fuzzy commutative ideal of X , but it is not a fuzzy commutative ideal of
X .
Theorem 4.3.5. A fuzzy set µ of X is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X if and only if it satisfies (F4′) and
(F15′) ∀x, y, z ∈ X, µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ∨ γ ≥ µ((x ∗ y) ∗ z) ∧ µ(z) ∧ δ.
Proof. It is similar to the proof of Theorem 4.1.9. 
Remark 4.3.6. For any (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal µ of X , we can
(i) If γ = 0 and δ = 1, then µ is the fuzzy commutative ideal of X (see [9]).
(ii) If γ = 0 and δ = 0.5, then µ is the (∈,∈ ∨q)-fuzzy commutative ideal of X (see [21]).
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The next theorem provides the relationship between (∈γ ,∈γ ∨qδ)-fuzzy commutative ideals of X and the crisp
commutative ideals of X .
Theorem 4.3.7. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X if and only if µγr (≠ ∅) is a commutative ideal of X for all r ∈ (γ , δ].
(2) If 2δ = 1+ γ , then µ is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X if and only if µδr (≠ ∅) is a commutative ideal of X
for all r ∈ (δ, 1].
(3) If 2δ = 1+ γ , then µ is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X if and only if [µ]δr (≠ ∅) is a commutative ideal of
X for all r ∈ (γ , 1].
Proof. It is similar to the proof of Theorem 4.1.11. 
If we take γ = 0 and δ = 0.5 in Theorem 4.3.7, we can conclude the following results:
Corollary 4.3.8. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨q)-fuzzy commutative ideal of X if and only if µr(≠ ∅) is a commutative ideal of X for all r ∈ (0, 0.5]
(see [21]).
(2) µ is an (∈,∈ ∨q)-fuzzy commutative ideal of X if and only if Q (µ; r)(≠ ∅) is a commutative ideal of X for all r ∈ (0.5, 1],
where Q (µ, r) = {x ∈ X | xrqµ}.
(3) µ is an (∈,∈ ∨q)-fuzzy commutative ideal of X if and only if [µ]r(≠ ∅) is a commutative ideal of X for all r ∈ (0, 1].
Definition 4.3.9. A fuzzy setµ of X is called an (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideal of X if for all t, r ∈ (γ , 1] and for all
x, y ∈ X , it satisfies (F6′) and
(F16′) (x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y)))))t∧r(∈γµ) implies ((x ∗ y) ∗ z)t∈γ ∨ qδµ or zr∈γ ∨ qδµ.
Example 4.3.10. Define a fuzzy set µ of X in Example 4.3.2 by µ(0) = µ(1) = 1, µ(2) = µ(3) = 0 and µ(4) = 0.5. It is
now routine to verify that µ is an (∈0.5,∈0.5 ∨ q1)-fuzzy commutative ideal of X .
Theorem 4.3.11. A fuzzy set µ of X is an (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideal of X if and only if it satisfies (F8′) and
(F17′) ∀x, y, z ∈ X, µ(x ∗ ((y ∗ (y ∗ x)) ∗ (0 ∗ (0 ∗ (x ∗ y))))) ∨ δ ≥ µ((x ∗ y) ∗ z) ∧ µ(z).
Proof. It is similar to the proof of Theorem 4.1.9. 
Remark 4.3.12. For any (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideal µ of X , we can conclude that if δ = 0.5, then µ is the
(∈,∈ ∨ q)-fuzzy commutative ideal of X .
The next theorem provides the relationship between (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideals of X and the crisp
commutative ideals of X .
Theorem 4.3.13. Let µ be a fuzzy set of X. Then
(1) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideal of X if and only if µγr (≠ ∅) is an commutative ideal of X for all r ∈ (δ, 1].
(2) µ is an (∈γ ,∈γ ∨ qδ)-fuzzy commutative ideal of X if and only if µδr (≠ ∅) is a commutative ideal of X for all r ∈ (γ , δ].
Proof. It is similar to the proof of Theorem 4.1.11. 
If we take γ = 0 and δ = 0.5 in Theorem 4.3.13, we can conclude the following results:
Corollary 4.3.14. Let µ be a fuzzy set of X. Then
(1) µ is an (∈,∈ ∨ q)-fuzzy commutative ideal of X if and only if µr(≠ ∅) is a commutative ideal of X for all r ∈ (0.5, 1].
(2) µ is an (∈,∈∨ q)-fuzzy commutative ideal of X if and only if Q (µ; r)(≠ ∅) is a commutative ideal of X for all r ∈ (0, 0.5],
where Q (µ, r) = {x ∈ X | xrqµ}.
Lemma 4.3.15. Every (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal, but the
converse may not be true.
Proof. It is an immediate consequence of Theorems 4.2.7 and 2.2(ii) and 4.1.7. The last part is shown by Example 4.1.2, we
know that µ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X , but µ is not an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal
of X . 
Lemma 4.3.16. Every (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal, but the converse
may not be true.
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Proof. It is an immediate consequence of Theorems 4.2.7 and 2.2(ii) and 4.3.7. The last part is shown in Example 4.3.2, µ is
an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal of X , but µ is not an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X . 
Now, we describe the relationships between (∈γ ,∈γ ∨qδ)-fuzzy implicative, positive implicative and commutative
ideals of BCI-algebras.
Theorem 4.3.17. A fuzzy set µ of X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy
positive implicative ideal and an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal.
Proof. Necessity: Lemmas 4.3.15 and 4.3.16.
Sufficiency: Theorems 4.3.7 and 2.2(ii), 4.1.11 and 4.2.7. 
Finally, we describe positive implicative (implicative, commutative) BCI-algebras by (∈γ ,∈γ ∨qδ)-fuzzy positive
implicative (implicative, commutative) ideals, respectively.
Theorem 4.3.18. (i) A BCI-algebra X is positive implicative if and only if every (∈γ ,∈γ ∨qδ)-fuzzy ideal of X is positive
implicative;
(ii) A BCI-algebra X is implicative if and only if every closed (∈γ ,∈γ ∨qδ)-fuzzy ideal of X is implicative;
(iii) A BCI-algebra X is commutative if and only if every closed (∈γ ,∈γ ∨qδ)-fuzzy ideal of X is commutative.
Proof. We only prove (i) and the proofs of (ii) and (iii) are similar. Let X be a positive implicative BCI-algebra. Then, by
Theorem 3.5(i) and Proposition 4.1.7, we know that µ is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal of X .
Conversely, assume that every (∈γ ,∈γ ∨qδ)-fuzzy ideal of X is an (∈γ ,∈γ ∨qδ)-fuzzy positive implicative ideal. Let I be
an ideal of X . Define a fuzzy set µ of X by
µ(x) =

δ if x ∈ I,
γ otherwise.
It is easy to check that µ is an (∈γ ,∈γ ∨qδ)-fuzzy ideal of X . By hypothesis, µ is an (∈γ ,∈γ ∨qδ)-fuzzy positive
implicative ideal of X . By Theorem 4.1.11, I = µδ is a positive implicative ideal of X . This shows that every ideal of X is
positive implicative. It follows from Lemma 2.4(i) that X is positive implicative. 
5. Conclusions
To investigate the structure of an algebraic system, it is clear that (fuzzy) ideals with special properties play an
important role. In this paper, we consider (∈γ ,∈γ ∨qδ)-fuzzy (positive implicative, implicative and commutative) ideals
and (∈γ ,∈γ ∨ qδ)-fuzzy (positive implicative, implicative and commutative) ideals in BCI-algebras. In particular, we prove
that a fuzzy set µ of a BCI-algebra X is an (∈γ ,∈γ ∨qδ)-fuzzy implicative ideal of X if and only if it is both an (∈γ ,∈γ ∨qδ)-
fuzzy positive implicative ideal and an (∈γ ,∈γ ∨qδ)-fuzzy commutative ideal. Finally, we give some characterizations of
three particular cases of BCI-algebras by these generalized fuzzy ideals. It is our hope that this work would offer foundations
for further study of the theory of BCK/BCI-algebras.
In our future study of fuzzy structure of BCI-algebras, may be the following topics should be considered:
(1) To discuss these kinds of fuzzy soft ideals;
(2) To investigate these kinds of fuzzy rough soft ideals;
(3) To describe the fuzzy soft BCI-algebras and its applications.
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